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A FLAT TORUS THEOREM FOR CONVEX CO-COMPACT
ACTIONS OF PROJECTIVE LINEAR GROUPS
MITUL ISLAM AND ANDREW ZIMMER
Abstract. In this paper we consider discrete groups in PGLd(R) acting con-
vex co-compactly on a properly convex domain in real projective space. For
such groups, we establish an analogue of the well known flat torus theorem for
CAT(0) spaces.
1. Introduction
If G is a connected semisimple Lie group with trivial center and K ≤ G is a
maximal compact subgroup, then X = G/K has a unique (up to scaling) Riemann-
ian symmetric metric g such that G = Isom0(X, g). The metric g is non-positively
curved and X is simply connected, hence every two points in X are joined by a
unique geodesic segment. A subset C ⊂ X is called convex if for every x, y ∈ C the
geodesic joining them is also in C. Finally, a discrete group Γ ≤ G is said to be
convex co-compact if there exists a non-empty closed convex set C ⊂ X such that
γ(C) = C for all γ ∈ Γ and the quotient Γ\ C is compact.
In the case in which G has real rank one, for instance G = PSL2(R), there are
an abundance of examples of convex co-compact subgroups, but when G has higher
rank, for instance G = PSLd(R) and d ≥ 3, the situation is very rigid.
Theorem 1.1 (Kleiner-Leeb [KL06], Quint [Qui05]). Suppose G is a simple Lie
group with real rank at least two and Γ ≤ G is a Zariski dense discrete subgroup. If
Γ is convex co-compact, then Γ is a co-compact lattice in G.
Although the “symmetric space” definition of convex co-compact subgroups leads
to no interesting examples in higher rank, Danciger-Gue´ritaud-Kassel [DGK17] have
recently introduced a different notion of convex co-compact subgroups in G :=
PGLd(R) based on the action of the subgroup on the projective space P(R
d).
Their definition of convex co-compact subgroups requires some preliminary def-
initions. When Ω ⊂ P(Rd) is a properly convex domain, the automorphism group
of Ω is defined to be
Aut(Ω) := {g ∈ PGLd(R) : gΩ = Ω}.
For a subgroup Λ ≤ Aut(Ω), the full orbital limit set of Λ in Ω, denoted by LΩ(Λ),
is the set of all x ∈ ∂Ω where there exists γn ∈ Λ and p ∈ Ω such that γn(p) → x.
Next, let CΩ(Λ) denote the convex hull of LΩ(Λ) in Ω.
Definition 1.2. [DGK17, Definition 1.10] Suppose Ω ⊂ P(Rd) is a properly convex
domain. An infinite discrete subgroup Λ ≤ Aut(Ω) is called convex co-compact if
Λ acts co-compactly on CΩ(Λ).
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When Λ is word hyperbolic there is a close connection between this class of
discrete groups in PGLd(R) and Anosov representations, see [DGK17] for details
and [DGK18, Zim17] for related results. The case when Λ is not word-hyperbolic
is less understood.
In this paper we study Abelian subgroups of convex co-compact groups. We also
consider a more general class of convex co-compact groups defined as follows.
Definition 1.3. Suppose Ω ⊂ P(Rd) is a properly convex domain. An infinite
discrete subgroup Λ ≤ Aut(Ω) is called naive convex co-compact if there exists a
non-empty closed convex subset C ⊂ Ω such that
(1) C is Λ-invariant, that is g C = C for all g ∈ Λ, and
(2) the quotient Λ\ C is compact.
In this case, we say that (Ω, C,Λ) is a naive convex co-compact triple.
Clearly, if Λ ≤ Aut(Ω) is convex co-compact, then it is also naive convex co-
compact. Further, it is straightforward to construct examples where Λ ≤ Aut(Ω) is
naive convex co-compact, but not convex co-compact (see Example 3.3). In these
cases, the convex subset C in Definition 1.3 is a strict subset of CΩ(Λ).
A properly convex domain Ω ⊂ P(Rd) has a natural proper geodesic metric HΩ
called the Hilbert distance (defined in Section 4). Geodesic balls in the metric space
(Ω, HΩ) are themselves convex subsets of P(R
d), but this metric space is CAT(0) if
and only if it is isometric to real hyperbolic (d−1)-space (in which case Ω coincides
with the unit ball in some affine chart) [KS58].
Despite the lack of global non-positive curvature, in this paper we establish an
analogue of the well known flat torus theorem for CAT(0) groups established by
Gromoll-Wolf [GW71] and Lawson-Yau [LY72]. In the setting of properly convex
domains and the Hilbert metric, the natural analogue of totally geodesic flats are
properly embedded simplices which are defined as follows.
Definition 1.4. A subset S ⊂ P(Rd) is a simplex if there exists g ∈ PGLd(R) and
k ≥ 3 such that
gS =
{
[x1 : · · · : xk+1 : 0 : · · · : 0] ∈ P(R
d) : x1 > 0, . . . , xk+1 > 0
}
.
Definition 1.5. Suppose A ⊂ B ⊂ P(Rd). Then A is properly embedded in B if
the inclusion map A →֒ B is a proper map (relative to the subspace topology).
The main result of the paper is the following.
Theorem 1.6. (see Section 8) Suppose that (Ω, C,Λ) is a naive convex co-compact
triple. If A ≤ Λ is a maximal Abelian subgroup of Λ, then either:
(1) A is a finite group and fixes a point in C,
(2) there exists a A-invariant properly embedded line ℓ ⊂ C where A acts co-
compactly on ℓ and A fixes each endpoint of ℓ, or
(3) there exists a A-invariant properly embedded simplex S ⊂ C where A acts
co-compactly on S and A fixes each vertex of S.
In particular, A has a finite index subgroup isomorphic to Zk for some k ≥ 0.
A properly convex domain Ω ⊂ P(Rd) is called divisible when there exists a
discrete group Λ ≤ Aut(Ω) which acts co-compactly on all of Ω. Divisible domains
have been extensively studied (see the survey papers [Ben08, Qui10, Mar14]), but
even in this very special case Theorem 1.6 is new.
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The maximality assumption in Theorem 1.6 is also necessary. Already in the
case when Ω is a simplex, there are examples of non-maximal Abelian subgroups
which do not act co-compactly on any convex subset of Ω (see Example 3.2).
A key step in the proof of Theorem 1.6 is showing that the centralizer of an
Abelian subgroup of a naive convex co-compact group is also a naive convex co-
compact group. To state the precise result we need some terminology.
Definition 1.7. Suppose that Ω ⊂ P(Rd) is a properly convex domain and g ∈
Aut(Ω). Define the minimal translation length of g to be
τΩ(g) := inf
x∈Ω
HΩ(x, gx)
and the minimal translation set of g to be
Min(g) = {x ∈ Ω : HΩ(x, gx) = τΩ(g)}.
Cooper-Long-Tillmann [CLT15] showed that the minimal translation length of
an element can be determined from its eigenvalues. In particular, given h ∈ GLd(R)
let
λ1(h) ≥ λ2(h) ≥ · · · ≥ λd(h)
denote the absolute values of the eigenvalues of h. Then given g ∈ PGLd(R) and
1 ≤ i, j ≤ d define
λi
λj
(g) =
λi(g)
λj(g)
where g ∈ GLd(R) is any lift of g. Then we have the following.
Proposition 1.8. [CLT15, Proposition 2.1] If Ω ⊂ P(Rd) is a properly convex
domain and g ∈ Aut(Ω), then
τΩ(g) =
1
2
log
λ1
λd
(g).
Next, given a group G and an element g ∈ G, let CG(g) denote the centralizer
of g in G. Then given a subset X ⊂ G, define
CG(X) = ∩x∈XCG(x).
We will prove the following result about centralizers and minimal translation
sets of Abelian groups.
Theorem 1.9. (see Section 7) Suppose that (Ω, C,Λ) is a naive convex co-compact
triple and A ≤ Λ is an Abelian subgroup. Then
MinC(A) := C ∩
⋂
a∈A
Min(a)
is non-empty and CΛ(A) acts co-compactly on the convex hull of MinC(A) in Ω.
1.1. Outline of the paper. Sections 2 through 5 are mostly expository in nature.
In Section 2 we define some basic notations, in Section 3 we construct some exam-
ples, in Section 4 we recall the definition of the Hilbert metric, and in Section 5 we
establish some results about the faces of convex domains.
Sections 6 through 8 are devoted to the proof of Theorem 1.6. In Section 6, we
give a characterization of convex co-compact actions of Abelian groups. In Section 7
we prove Theorem 1.9. Finally, in Section 8 we combine the results in the previous
two sections to prove Theorem 1.6.
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2. Some notations
In this section we set some notations that we will use for the rest of the paper.
Given some object o we will let [o] be the projective equivalence class of o, for
instance:
(1) if v ∈ Rd \{0} let [v] denote the image of v in P(Rd),
(2) if V ⊂ Rd is a linear subspace let [V ] denote the image of V \ {0} in P(Rd),
(3) if φ ∈ GLd(R) let [φ] denote the image of φ in PGLd(R), and
(4) if T ∈ End(Rd) \ {0} let [T ] denote the image of T in P(End(Rd)).
We also identify real projective d-space with the Grassmanian of lines in Rd. So
for instance: if x ∈ P(Rd) and V ⊂ Rd is a linear subspace, then x ∈ [V ] if and
only if x ⊂ V .
A line segment in P(Rd) is a connected subset of a projective line. Given two
points x, y ∈ P(Rd) there is no canonical line segment with endpoints x and y, but
we will use the following convention: if C ⊂ P(Rd) is a convex set and x, y ∈ C, then
(when the context is clear) we will let [x, y] denote the closed line segment joining
x to y which is contained in C. In this case, we will also let (x, y) = [x, y] \ {x, y},
[x, y) = [x, y] \ {y}, and (x, y] = [x, y] \ {x}.
Along similar lines, given a properly convex subset C ⊂ P(Rd) and a subset
X ⊂ C we will let
ConvHullC(X)
denote the smallest convex subset of C which contains X . For instance, with our
notation [x, y] = ConvHullC({x, y}) when x, y ∈ C.
Given a group G ≤ PGLd(R) and a subset X ⊂ P(R
d) the stabilizer of X in G
is
StabG(X) := {g ∈ G : gX = X}.
In the case when Ω ⊂ P(Rd) is a properly convex domain and G = Aut(Ω), we will
use the notation
StabΩ(X) := StabAut(Ω)(X).
3. Some examples
In this section we construct some examples. In our first example we recall some
basic properties of simplices.
Example 3.1. Let
S = {[x1 : · · · : xd+1] ∈ P(R
d+1) : x1 > 0, . . . , xd+1 > 0}.
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Then S is a d-dimensional simplex. Let G ≤ GLd(R) denote the group generated by
the group of diagonal matrices with positive entries and the group of permutation
matrices. Then
Aut(S) = {[g] ∈ PGLd(R) : g ∈ G}.
The Hilbert metric on S can be explicitly computed as:
HS
(
[x1 : · · · : xd+1], [y1 : · · · : yd+1]
)
= max
1≤i,j≤d+1
1
2
∣∣∣∣log xiyjyixj
∣∣∣∣ .
In particular, if
Φ
(
[x1 : · · · : xd+1]
)
=
(
log
x2
x1
, . . . , log
xd+1
x1
)
and d is the distance on Rd given by
d(v, w) =
1
2
max
{
max
1≤i≤d
|vi − wi| , max
1≤i,j≤d
|(vi − vj)− (wi − wj)|
}
,
then Φ induces an isometry (S,HS) → (R
d, d). Hence, (S,HS) is quasi-isometric
to real Euclidean d-space. For more details, see [Nus88, Proposition 1.7], [dlH93]
or [Ver14].
The next example shows that the maximality assumption in Theorem 1.6 is
necessary.
Example 3.2. Again let
S = {[x1 : · · · : xd+1] ∈ P(R
d+1) : x1 > 0, . . . , xd+1 > 0}.
Then the discrete group
Λ :=




ez1
. . .
ezd+1

 : z1, . . . , zd+1 ∈ Z

 ≤ Aut(S)
acts co-compactly on S.
Fix 1 ≤ k ≤ d and homomorphisms φ1, . . . , φd+1 : Z
k → Z such that
w ∈ Zk → (φ1(w), . . . , φd+1(w)) ∈ Z
d+1
is injective and φi 6= φj when i 6= j. Then the subgroup
A :=




eφ1(w)
. . .
eφd+1(w)

 : w ∈ Zk

 .
does not act co-compactly on any convex subset on S. If it did, then Theo-
rem 6.1 implies that there exists a properly embedded simplex S1 ⊂ S where
A ≤ StabΛ(S1), A fixes the vertices of S1, and A acts co-compactly on S1. But,
since φi 6= φj when i 6= j, the only fixed points of A in S are the vertices of S.
So the vertices of S1 are also vertices of S. But then, since S1 ⊂ S, we must
have S1 = S. Finally since A ≤ Λ has infinite index, the quotient A\S1 = A\S is
non-compact. So we have a contradiction.
The next example is a naive convex co-compact subgroup which is not convex
co-compact.
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Example 3.3. Suppose Ω ⊂ P(Rd) is a properly convex domain and Λ ≤ Aut(Ω)
is a discrete group which acts co-compactly on Ω.
Let π : Rd → P(Rd) be the natural projection. Then π−1(Ω) = C ∪ −C where
C ⊂ Rd is some properly convex cone. Then define
Ω⋆ := {[(v, w)] : v, w ∈ C} ⊂ P(R
2d)
C⋆ := {[(v, v)] : v ∈ C} ⊂ P(R
2d), and
Λ⋆ := {[g ⊕ g] : g ∈ GLd(R), [g] ∈ Λ} ⊂ PGL2d(R).
Then (Ω⋆, C⋆,Λ⋆) is a naive convex co-compact triple, but
CΩ⋆(Λ⋆) = Ω⋆
and so Λ⋆ ≤ Aut(Ω⋆) is not a convex co-compact subgroup.
We can also “thicken” C⋆ to obtain other naive convex co-compact triples. For
R ≥ 0 define
C(R)⋆ := ConvHullΩ⋆ ({y ∈ Ω⋆ : HΩ⋆(y, C⋆) ≤ R}) .
Then we claim that (Ω⋆, C
(R)
⋆ ,Λ⋆) is also a naive convex co-compact triple. To see
this, for n ≥ 2 let X
(R)
n ⊂ C
(R)
⋆ be the points which can be written as a convex
combination of n elements in
X
(R)
1 := {y ∈ Ω⋆ : HΩ⋆(y, C⋆) ≤ R} .
Then by Carathe´odory’s convex hull theorem
X
(R)
d+1 = C
(R)
⋆ .
We claim by induction that
X(R)n ⊂
{
y ∈ Ω⋆ : HΩ⋆(y, C⋆) ≤ 2
n−1R
}
.
When n = 1 this is by definition and the induction step follows from Proposition 5.3
below. Thus
C(R)⋆ ⊂
{
y ∈ Ω⋆ : HΩ⋆(y, C⋆) ≤ 2
dR
}
and so the quotient Λ⋆\ C
(R)
⋆ is compact. Thus (Ω⋆, C
(R)
⋆ ,Λ⋆) is a naive convex
co-compact triple
4. Convexity and the Hilbert metric
In this section we recall the definition of convex sets in projective space and the
classical Hilbert metric on properly convex (relatively) open sets.
Definition 4.1.
(1) A subset C ⊂ P(Rd) is convex if there exists an affine chart A of P(Rd)
where C ⊂ A is a convex subset.
(2) A subset C ⊂ P(Rd) is properly convex if there exists an affine chart A of
P(Rd) where C ⊂ A is a bounded convex subset.
Notice that if C ⊂ P(Rd) is convex, then C is a convex subset of every affine
chart that contains it.
We also make the following topological definitions.
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Definition 4.2. Suppose C ⊂ P(Rd) is a convex set. The relative interior of
C, denoted by rel-int(C), is the interior of C in its span. In the case that C =
rel-int(C), then C is said to be open in its span. The boundary of C is ∂C :=
C \ rel-int(C), the ideal boundary of C is
∂ i C := ∂C \ C,
and the non-ideal boundary of C is
∂ n C := ∂C ∩ C
Recall that a subset A ⊂ B ⊂ P(Rd) is properly embedded if the inclusion
map A →֒ B is proper. With the notation in Definition 4.2 we have the following
characterization of properly embedded subsets.
Observation 4.3. Suppose C ⊂ P(Rd) is a convex set. A convex subset S ⊂ C is
properly embedded if and only if ∂ i S ⊂ ∂ i C.
For distinct points x, y ∈ P(Rd) let xy be the projective line containing them.
Suppose C ⊂ P(Rd) is a properly convex set which is open in its span. If x, y ∈ C
are distinct let a, b be the two points in xy ∩ ∂C ordered a, x, y, b along xy. Then
define the Hilbert distance between x and y to be
HC(x, y) =
1
2
log[a, x, y, b]
where
[a, x, y, b] =
|x− b| |y − a|
|x− a| |y − b|
is the cross ratio. Using the invariance of the cross ratio under projective maps and
the convexity of C it is possible to establish the following (see for instance [BK53,
Section 28]).
Proposition 4.4. Suppose C ⊂ P(Rd) is a properly convex set which is open in its
span. Then HC is a complete Aut(C)-invariant metric on C which generates the
standard topology on C. Moreover, if p, q ∈ C, then there exists a geodesic joining
p and q whose image is the line segment [p, q].
Using an argument of Frankel [Fra89] we define a notion of “center of mass” for a
compact set in a properly convex domain. Let Kd denote the set of all pairs (Ω,K)
where Ω ⊂ P(Rd) is a properly convex domain and K ⊂ Ω is a compact subset.
Proposition 4.5. There exists a function
(Ω,K) ∈ Kd −→ CoMΩ(K) ∈ P(R
d)
such that:
(1) CoMΩ(K) ∈ ConvHullΩ(K),
(2) CoMΩ(K) = CoMΩ(ConvHullΩ(K)), and
(3) if g ∈ PGLd(R), then gCoMΩ(K) = CoMgΩ(gK),
for every (Ω,K) ∈ Kd.
The following argument is due to Frankel [Fra89, Section 12] who constructed a
“center of mass” associated to a compact subset of a bounded convex domain in Cd.
Frankel’s construction used the Kobayashi metric instead of the Hilbert metric and
is equivariant under biholomorphisms instead of real projective transformations.
8 MITUL ISLAM AND ANDREW ZIMMER
An alternative approach to constructing a projective “center of mass” is given
in [Mar14, Lemma 4.2].
Proof. Fix some (Ω,K) ∈ Kd. We define a sequence of convex sets C0 ⊃ C1 ⊃
C2 . . . as follows. First let
C0 = ConvHullΩ(K).
Then supposing that C0, . . . , Cn have been selected, define
Cn(r) = Cn ∩
⋂
c∈Cn
{p ∈ Ω : HΩ(p, c) ≤ r}
and
rn = min{r > 0 : Cn(r) 6= ∅}.
Then define Cn+1 := Cn(rn). Then Cn+1 is closed, convex, and Cn+1 ⊂ Cn.
Moreover, if dimCn ≥ 1, then dimCn+1 < dimCn (otherwise rn was not minimal).
So
CoMΩ(K) := Cd
is a point in Ω. It is clear from the construction that this definition satisfies condi-
tions (1), (2), and (3). 
5. The faces of a convex domain
Given a properly convex domain Ω ⊂ P(Rd) and x ∈ Ω let FΩ(x) denote the
open face of x, that is
FΩ(x) = {x} ∪
{
y ∈ Ω : ∃ an open line segment in Ω containing x and y
}
.
Notice that FΩ(x) = Ω when x ∈ Ω.
Observation 5.1. Suppose Ω ⊂ P(Rd) is a properly convex domain.
(1) FΩ(x) is open in its span,
(2) y ∈ FΩ(x) if and only if x ∈ FΩ(y) if and only if FΩ(x) = FΩ(y),
(3) if y ∈ ∂FΩ(x), then FΩ(y) ⊂ ∂FΩ(x),
(4) for all x, y ∈ Ω, there exists z ∈ Ω such that
(p, q) ⊂ FΩ(z)
when p ∈ FΩ(x) and q ∈ FΩ(y).
Proof. These are all simple consequences of convexity. 
5.1. The Hilbert metric and faces. We now observe several results which relate
the faces of a convex domain with the Hilbert metric.
Proposition 5.2. Suppose Ω ⊂ P(Rd) is a properly convex domain, xn is a se-
quence in Ω, and xn → x ∈ Ω. If yn is another sequence in Ω, yn → y ∈ Ω,
and
lim inf
n→∞
HΩ(xn, yn) < +∞,
then y ∈ FΩ(x) and
HFΩ(x)(x, y) ≤ lim infn→∞
HΩ(xn, yn).
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Proof. This is straightforward consequences of the definition of the Hilbert metric.

Given a properly convex domain Ω ⊂ P(Rd), let HHausΩ denote the Hausdorff
distance on subsets of Ω induced by HΩ, that is: for subsets A,B ⊂ Ω define
HHausΩ (A,B) = max
{
sup
a∈A
inf
b∈B
HΩ(a, b), sup
b∈B
inf
a∈A
HΩ(a, b)
}
.
Proposition 5.3. Suppose Ω ⊂ P(Rd) is a properly convex domain. Assume
p1, p2, q1, q2 ∈ Ω, FΩ(p1) = FΩ(p2), and FΩ(q1) = FΩ(q2). If (p1, q1) ∩ Ω 6= ∅,
then
HHausΩ
(
(p1, q1), (p2, q2)
)
≤ HFΩ(p1)(p1, p2) +HFΩ(q1)(q1, q2).
Remark 5.4. Since (p1, q1)∩Ω 6= ∅, Observation 5.1 part (4) implies that (p1, q1), (p2, q2) ⊂
Ω.
Proof. By the definition of Hilbert metric and convexity
HHausΩ
(
(p1, q1), (p1, q2)
)
≤ HFΩ(q1)(q1, q2)
and
HHausΩ
(
(p1, q2), (p2, q2)
)
≤ HFΩ(p1)(p1, p2).
So by the triangle inequality
HHausΩ
(
(p1, q1), (p2, q2)
)
≤ HHausΩ
(
(p1, q1), (p1, q2)
)
+HHausΩ
(
(p1, q2), (p2, q2)
)
≤ HFΩ(p1)(p1, p2) +HFΩ(q1)(q1, q2).

When the line segments are contained in Ω and have equal length, Crampon
observed the following refinement of the estimate in Proposition 5.3.
Lemma 5.5 (Crampon [Cra09, Lemma 8.3]). Suppose that σ1, σ2 : [0, T ]→ Ω are
two unit speed projective line geodesics, then
HΩ(σ1(t), σ2(t)) ≤ HΩ(σ1(0), σ2(0)) +HΩ(σ1(T ), σ2(T ))
for 0 ≤ t ≤ T .
5.2. Dynamics of automorphisms. The next two results relate the faces of a
convex domain with the behavior of automorphisms.
In the next result we view PGLd(R) as a subset of P(End(R
d)).
Proposition 5.6. Suppose Ω ⊂ P(Rd) is a properly convex domain, p0 ∈ Ω, and
gn ∈ Aut(Ω) is a sequence such that
(1) gn(p0)→ x ∈ ∂Ω,
(2) g−1n (p0)→ y ∈ ∂Ω, and
(3) gn converges in P(End(R
d)) to T ∈ P(End(Rd)).
Then image(T ) ⊂ Span{FΩ(x)}, [kerT ] ∩ Ω = ∅, and y ∈ kerT .
10 MITUL ISLAM AND ANDREW ZIMMER
Proof. For v ∈ Rd let ‖v‖ be the standard Euclidean norm of v and for S ∈ End(Rd)
let ‖S‖ be the associated operator norm.
Notice that
T (p) = lim
n→∞
gn(p)
for all p /∈ [kerT ].
We can pick a lift gn ∈ GLd(R) of each gn with ‖gn‖ = 1 such that gn → T in
End(Rd) and T is a lift of T .
Claim 1: [kerT ] ∩ Ω = ∅.
Proof of Claim 1: Using the singular value decomposition, we can find kn,1, kn,2 ∈
O(d) and 1 = σ1,n ≥ · · · ≥ σd,n such that
gn = kn,1


σ1,n
. . .
σd,n

 kn,2.
By passing to a subsequence we can suppose that kn,1 → k1, kn,2 → k2, and
χj := lim
n→∞
σj,n ∈ [0, 1]
exists for every 1 ≤ j ≤ d. Then
T = k1


1
χ2
. . .
χd

 k2.
Let
m := max {j : χj > 0} .(1)
Then kerT = k−12 Span{em+1, . . . , ed}.
Suppose for a contradiction that [v] ∈ [kerT ] ∩ Ω. Then there exists [vn] ∈ Ω
such that vn → v and vn ∈ k
−1
n,2 Span{em+1, . . . , ed}. Since Ω is open and vn → v,
there exists some ǫ > 0 such that{ [
vn + sk
−1
n,2e1
]
: |s| < ǫ
}
⊂ Ω
for all n ≥ 0. By passing to a subsequence we can suppose that
w := lim
n→∞
1
‖gnvn‖
gnvn ∈ R
d
exists. Now fix t ∈ R and let tn := ‖gnvn‖ t. Since ‖gnvn‖ ≤ σm+1,n ‖vn‖ and
lim
n→∞
σm+1,n = 0,
for n sufficiently large we have |tn| < ǫ. Then
[w + tk1e1] = lim
n→∞
[
1
‖gnvn‖
(gnvn + tnkn,1e1)
]
= lim
n→∞
[
1
‖gnvn‖
(
gnvn + tngnk
−1
n,2e1
)]
= lim
n→∞
gn
[
vn + tnk
−1
n,2e1
]
∈ Ω.
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Since t is arbitrary, we see that
{[w + tk1e1] : t ∈ R} ⊂ Ω
which contradicts the fact that Ω is properly convex. So [kerT ] ∩ Ω = ∅.
Claim 2: T (Ω) ⊂ FΩ(x). In particular,
image(T ) ⊂ Span{FΩ(x)}.
Proof of Claim 2: Since [kerT ] ∩ Ω = ∅,
T (p) = lim
n→∞
gn(p)
for all p ∈ Ω. Since gn(p0)→ x and
HΩ(gn(p), gn(p0)) = HΩ(p, p0),
Proposition 5.2 implies that T (Ω) ⊂ FΩ(x).
Claim 3: y ∈ [kerT ].
Proof of Claim 3: Notice that
hn := k
−1
n,2


σ−11,n
. . .
σ−1d,n

 k−1n,1
is a lift of g−1n . Since 1 = σ1,n ≥ · · · ≥ σd,n, we can pass to a subsequence and
assume that σd,nhn converges in End(R
d) to some non-zero S ∈ End(Rd). Then
g−1n converges in P(End(R
d)) to [S] ∈ End(Rd). Claim 1 applied to g−1n implies
that [kerS] ∩Ω = ∅. So
S(p0) = lim
n→∞
g−1n (p0) = y.
Further, Equation (1) implies that
image(S) ⊂ k−12 Span{em+1, . . . , ed} = ker(T ).
So y ∈ [ker(T )]. 
Given a group G ≤ PGLd(R) define G
End
to be the closure of the set
{g ∈ GLd(R) : [g] ∈ G}
in End(Rd).
Proposition 5.7. Suppose Ω ⊂ P(Rd) is a properly convex domain, C ⊂ Ω is a
closed convex subset, and G ≤ StabΩ(C) acts co-compactly on C. If x ∈ ∂ i C, then
there exists T ∈ G
End
such that
(1) [kerT ] ∩ Ω = ∅,
(2) T (Ω) = FΩ(x), and
(3) T (C) = FΩ(x) ∩ ∂ i C.
Proof. Fix some p0 ∈ C and a sequence pn ∈ [p0, x) with pn → x. Since G acts
co-compactly on C, there exists R > 0 and a sequence gn ∈ G such that
HΩ(gnp0, pn) ≤ R
for all n ≥ 0.
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As before, for S ∈ End(Rd) let ‖S‖ be the operator norm associated to the
standard Euclidean norm. Let gn ∈ GLd(R) be a lift of gn with ‖gn‖ = 1. By
passing to a subsequence we can suppose that gn → T in End(R
d). Proposition 5.6
implies that [kerT ] ∩Ω = ∅ and T (Ω) ⊂ FΩ(x). Then
T (p) = lim
n→∞
gn(p)
for all p ∈ Ω.
Claim 1: T (Ω) = FΩ(x).
Proof of Claim 1: We only need to show that FΩ(x) ⊂ T (Ω). So fix y ∈ FΩ(x).
Then we can pick yn ∈ [p0, y) such that
sup
n≥0
HΩ(yn, pn) <∞.
Thus
sup
n≥0
HΩ(g
−1
n yn, p0) <∞.
So there exists nj →∞ so that the limit
q := lim
j→∞
g−1nj ynj
exists in Ω. Then
T (q) = lim
n→∞
gn(q) = lim
j→∞
gnjg
−1
nj
ynj = lim
j→∞
ynj = y.
Hence FΩ(x) ⊂ T (Ω).
Claim 2: T (C) = FΩ(x) ∩ ∂ i C.
Proof of Claim 2: This is almost identical to the proof of Claim 1.

6. Abelian convex-compact actions
In this section we show that every naive convex co-compact action of an Abelian
group comes from “fattening” a point, a properly embedded line, or properly em-
bedded simplex.
Theorem 6.1. Suppose Ω ⊂ P(Rd) is a properly convex domain, C ⊂ Ω is a closed
non-empty convex subset, and G ≤ StabΩ(C). If G is Abelian and acts co-compactly
on C, then either
(1) G fixes a point in C,
(2) there exists a properly embedded line ℓ ⊂ C where G ≤ StabΩ(ℓ), G acts
co-compactly on ℓ, and G fixes each endpoint of ℓ or
(3) there exists a properly embedded simplex S ⊂ C where G ≤ StabΩ(S), G
acts co-compactly on S, and G fixes each vertex of S.
Remark 6.2. Notice that we don’t assume that G is a discrete subgroup of Aut(Ω).
The rest of the section is devoted to the proof of the theorem. We will induct on
dimΩ + dim C .
The base case, when dimΩ = 1 and dim C = 0, is trivial.
Suppose that Ω, C, G satisfy the hypothesis of the theorem. From Proposition 4.5
we immediately obtain the following.
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Observation 6.3. If C is compact, then G fixes the point CoMΩ(C).
For the rest of the argument we assume that C is non-compact and hence ∂ i C 6= ∅.
Our first goal will be to find a finite number of fixed points x1, . . . , xk of G in ∂ i C
such that
ConvHullΩ{x1, . . . , xk} ∩ Ω
is non-empty.
Lemma 6.4. If x ∈ ∂ i C and F := FΩ(x), then
(1) G ≤ StabΩ(F ),
(2) G ≤ StabΩ(F ∩ ∂ i C), and
(3) G acts co-compactly on F ∩ ∂ i C.
Proof. By Proposition 5.7 there exists some T ∈ G
End
such that [kerT ] ∩ Ω = ∅,
T (Ω) = F , and T (C) = F ∩ ∂ i C. Since G is Abelian, T ◦ g = g ◦ T for every g ∈ G.
Then for g ∈ G we have
gF = gT (Ω) = T (gΩ) = T (Ω) = F.
Since g ∈ G was arbitrary, G ≤ StabΩ(F ). Then G ≤ StabΩ(F ∩ ∂ i C) since
G ≤ StabΩ(C).
Since G acts co-compactly on C, there exists a compact set K ⊂ C such that
G ·K = C. Since [kerT ] ∩Ω = ∅, the map
p ∈ Ω→ T (p) ∈ FΩ(x)
is continuous. So KF := T (K) is a compact subset of F ∩ ∂ i C. Then
G ·KF = G · T (K) = T (G ·K) = T (C) = F ∩ ∂ i C .
So G acts co-compactly on F ∩ ∂ i C. 
Lemma 6.5. There exists a properly embedded line ℓ ⊂ C.
Proof. Fix some x0 ∈ C. Since C is non-compact, there exists some x ∈ ∂ i C. Then
pick xn ∈ [x0, x) converging to x. Since [x0, x) ⊂ C and G acts co-compactly on C,
there exists r > 0 and gn ∈ G such that
HΩ(gnxn, x0) ≤ r
for all n ≥ 0. By passing to a subsequence we can suppose that gnxn → q ∈ Ω.
By passing to another subsequence we can assume that gn · (x0, x) converges to a
properly embedded line ℓ ⊂ C. 
Suppose that ℓ ⊂ C is a properly embedded line and x1, x2 are its endpoints. Let
Fj := FΩ(xj).
Lemma 6.6. There exists a finite number of fixed points x1, . . . , xm of G in ∂ i C
such that
ConvHullΩ{x1, . . . , xm} ∩ Ω
is non-empty.
Proof. First, we will find a finite number of fixed points a1, . . . , ak of G in F 1∩∂ i C
such that
ConvHullΩ {a1, . . . , ak} ∩ F1
is non-empty. By Lemma 6.4 and induction either
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(1) G fixes a point in F1,
(2) there exists a properly embedded line or simplex X ⊂ F1 and G fixes each
extreme point of X .
In the first case, let k = 1 and a1 be a fixed point of G in F1. In the second case,
let a1, . . . , ak be the extreme points of X . Then, in all cases,
ConvHullΩ {a1, . . . , ak} ∩ F1
is non-empty.
Applying the same argument to F2 yields a finite number of fixed points b1, . . . , bn
of G in F2 ∩ ∂ i C such that
ConvHullΩ {b1, . . . , bn} ∩ F2
is non-empty.
Finally, we claim that
ConvHullΩ {a1, . . . , ak, b1, . . . , bn} ∩ Ω
is non-empty. By construction, this convex hull contains some a′ ∈ F1 and b′ ∈ F2.
Since x1 ∈ F1, x2 ∈ F2, and (x1, x2) ⊂ Ω, Observation 5.1 part (4) implies that
(a′, b′) ⊂ Ω. Since
(a′, b′) ⊂ ConvHullΩ {a1, . . . , ak, b1, . . . , bn}
we are done. 
Let x1, . . . , xm be fixed points of G in ∂ i C such that
S := ConvHullΩ{x1, . . . , xm} ∩ Ω
is non-empty. We can also assume x1, . . . , xm is minimal in the following sense: if
y1, . . . , yk are fixed points of G in ∂ i C with k < m, then
ConvHullΩ{y1, . . . , yk} ∩ Ω = ∅.
If m = 2, then clearly
ℓ := ConvHullΩ{x1, x2} ∩ Ω = (x1, x2)
is a properly embedded line. By construction G ≤ StabΩ(ℓ) and G fixes each
endpoint of ℓ. Further G acts co-compactly on ℓ since G acts co-compactly on C
and ℓ ⊂ C is a closed subset.
We complete the proof of Theorem 6.1 by proving the following.
Lemma 6.7. If m ≥ 3 and
S := ConvHullΩ{x1, . . . , xm} ∩ Ω,
then S is a properly embedded simplex in Ω, G ≤ StabΩ(S), G acts co-compactly
on S, and G fixes each vertex of S.
Proof. Let
d0 := dimS = −1 + dimSpan{x1, . . . , xm} ≤ −1 +m
and suppose that p ∈ S. Then by Carathe´odory’s convex hull theorem there exists
xi1 , . . . , xik with k ≤ d0 + 1 such that
p ∈ ConvHullΩ{xi1 , . . . , xik}.
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Hence
∅ 6= ConvHullΩ{xi1 , . . . , xik} ∩Ω.
So by our minimality assumption we must have k = m and so m ≤ d0 + 1. So
m = d0 + 1. Thus x1, . . . , xm are linearly independent and hence S is a simplex
with vertices {x1, . . . , xm}.
By the minimality property, for any proper subset {xi1 , . . . , xik} ⊂ {x1, . . . , xm}
we have
∅ = ConvHullΩ{xi1 , . . . , xik} ∩Ω.
So S is a properly embedded simplex of Ω.
By construction G ≤ StabΩ(S) and G fixes each vertex of S. Finally, since S ⊂ C
is a closed subset and G acts co-compactly on C, we see that G acts co-compactly
on S. 
7. Centralizers and minimal translation sets
In this section we prove Theorem 1.9 which we restate here.
Theorem 7.1. Suppose that (Ω, C,Λ) is a naive convex co-compact triple and A ≤
Λ is an Abelian subgroup. Then
MinC(A) := C ∩
⋂
a∈A
Min(a)
is non-empty and CΛ(A) acts co-compactly on ConvHullΩ(MinC(A)).
The proof the theorem will use the following observation about minimal trans-
lation sets of elements preserving a properly embedded simplex.
Proposition 7.2. Suppose that Ω ⊂ P(Rd) is a properly convex domain and S ⊂ Ω
is a properly embedded line or simplex. If g ∈ Aut(Ω) fixes every extreme point of
S, then Min(g) ⊃ S.
7.1. Proof of Proposition 7.2. The proposition follows immediately from the
following observations.
Observation 7.3. Suppose that ℓ ⊂ P(R2) is a properly convex domain (i.e. an
open line segment) and g ∈ Aut(ℓ) fixes the endpoints of ℓ, then Min(g) = ℓ.
Proof. This follows immediately from the definition of the Hilbert metric. 
Observation 7.4. Suppose that S ⊂ P(Rd) is a (d − 1)-dimensional simplex and
g ∈ Aut(S) fixes every vertex of S, then Min(g) = S.
Proof. Let G ≤ Aut(S) be the subgroup which fixes every vertex of S. Then G is
Abelian and acts transitively on S (see Example 3.1).
Fix some g ∈ G. Then fix p ∈ S and ǫ > 0. There exists some q ∈ S such that
HS(q, gq) ≤ τ(g) + ǫ.
Since G acts transitively on S, there exists some h ∈ G such that hq = p. Then
since G is Abelian
HS(p, gp) = HS(hq, ghq) = HS(hq, hgq) ≤ τ(g) + ǫ.
Since ǫ > 0 was arbitrary, we have HS(p, gp) = τ(g) and hence p ∈ Min(g). Then
since p ∈ S was arbitrary we see that Min(g) = S. 
16 MITUL ISLAM AND ANDREW ZIMMER
Observation 7.5. Suppose that Ω ⊂ P(Rd) is a properly convex domain and
g ∈ Aut(Ω). If V ⊂ P(Rd) is a projective subspace that intersects Ω and is g-
invariant, then
τΩ∩V (g) = τΩ(g).
Proof. By the definition of the Hilbert metric HΩ|V×V = HΩ∩V . Hence τΩ(g) ≤
τΩ∩V (g).
To prove the other inequality, fix ǫ > 0, q ∈ Ω such that HΩ(gq, q) ≤ τ(g) + ǫ,
and any p ∈ Ω ∩ V . Proposition 1.8 implies that
HΩ(g
np, p) ≥ τΩ∩V (g
n) = nτΩ∩V (g).
Then
τΩ∩V (g) ≤ lim inf
n→∞
1
n
HΩ(g
np, p) = lim inf
n→∞
1
n
HΩ(g
nq, q)
≤ lim inf
n→∞
1
n
(
HΩ(g
nq, gn−1q) +HΩ(g
n−1q, gn−2q) + · · ·+HΩ(gq, q)
)
= HΩ(gq, q) ≤ τ(g) + ǫ.
Since ǫ > 0 was arbitrary, we see that τΩ∩V (g) ≤ τ(g). 
7.2. Proof of Theorem 1.9. We will need the following fact about subgroups of
solvable Lie groups.
Lemma 7.6. [Rag72, Proposition 3.8] Let G be a solvable Lie group with finitely
many components and H ≤ G a closed subgroup. Let H0 be the connected component
of the identity in H. Then H/H0 is finitely generated.
For the rest of the section fix a naive convex co-compact triple (Ω, C,Λ) and
an Abelian subgroup A ≤ Λ. Let A
Zar
be the Zariski closure in PGLd(R). Then
A
Zar
is Abelian and has finitely many components. Since A ≤ A
Zar
is discrete,
Lemma 7.6 implies that
A = 〈a1, . . . , am〉
for some a1, . . . , am ∈ A. In particular,
CΛ(A) = ∩
m
j=1CΛ(aj).
Next for r > 0 define
Mr = {x ∈ C : HΩ(x, ajx) ≤ r for all 1 ≤ j ≤ m}.
Lemma 7.7. CΛ(A) ≤ StabΛ(Mr).
Proof. If γ ∈ CΛ(A) and x ∈Mr, then
HΩ(γx, ajγx) = HΩ(γx, γajx) = HΩ(x, ajx) ≤ r
Hence γx ∈ Mr. So γMr ⊂ Mr. Applying the same argument to γ−1 shows that
Mr ⊂ γMr. 
Lemma 7.8. For every r > 0, CΛ(A) acts co-compactly on Mr.
The following argument comes from the proof of Theorem 3.2 in [Rua01].
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Proof. If Mr = ∅, then there is nothing to prove. So we may assume that Mr 6= ∅.
Now suppose for a contradiction that CΛ(A) does not act co-compactly on Mr.
Fix some x0 ∈Mr. Then for each n there exists some xn ∈Mr such that
HΩ (xn, CΛ(A) · x0) ≥ n.
Since Λ acts co-compactly on C, there exists M > 0 and βn ∈ Λ such that
HΩ(βnx0, xn) ≤M.
for all n ≥ 0. Then for 1 ≤ j ≤ m
HΩ(β
−1
n ajβnx0, x0) = HΩ(ajβnx0, βnx0)
≤ HΩ(ajβnx0, ajxn) +HΩ(ajxn, xn) +HΩ(xn, βnx0)
≤M + r +M = r + 2M.
Since Λ acts properly on Ω, for every 1 ≤ j ≤ m the set
{β−1n ajβn : n ≥ 0}
must be finite. So by passing to a subsequence we can assume that
β−1n ajβn = β
−1
1 ajβ1
for all 1 ≤ j ≤ m and n ≥ 0. Then βnβ
−1
1 ∈ ∩
m
j=1CΛ(aj) = CΛ(A) for all n ≥ 0.
Then
n ≤ HΩ (xn, CΛ(A) · x0) ≤ HΩ
(
xn, βnβ
−1
1 x0
)
≤ HΩ (xn, βnx0) +HΩ
(
βnx0, βnβ
−1
1 x0
)
≤M +HΩ
(
x0, β
−1
1 x0
)
for all n ≥ 0, which is a contradiction. Hence CΛ(A) acts co-compactly on Mr. 
Lemma 7.9. For any r > 0,
ConvHullΩ (Mr) ⊂M2d−1r.
Proof. For n ≥ 0, let Cn ⊂ ConvHullΩ (Mr) denote the elements which can be
written as a convex combination of n elements in Mr. Then C1 = Mr and by
Carathe´odory’s convex hull theorem, Cd = ConvHullΩ (Mr). We claim by induction
that
Cn ⊂M2(n−1)r
for every 1 ≤ n ≤ d.
By definition C1 = Mr so the base case is true. Now suppose that
Cn ⊂M2(n−1)r
and p ∈ Cn+1. Then there exists p1, p2 ∈ Cn such that p ∈ [p1, p2]. Let σ : [0, T ]→
C be the unit speed projective line geodesic with σ(0) = p1 and σ(T ) = p2. Then
p = σ(t0) for some t0 ∈ [0, T ]. Next for 1 ≤ j ≤ m let σj = aj ◦σ. Then Lemma 5.5
implies that
HΩ(p, ajp) = HΩ(σ(t0), σj(t0)) ≤ HΩ(σ(0), σj(0)) +HΩ(σ(T ), σj(T ))
= HΩ(p1, ajp1) +HΩ(p2, ajp2) ≤ 2
(n−1)r + 2(n−1)r = 2nr
Since p ∈ Cn+1 was arbitrary, we have
Cn+1 ⊂M2nr
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and the proof is complete. 
Combining Lemma 7.8 and Lemma 7.9 we have the following.
Lemma 7.10. For any r > 0, CΛ(A) acts co-compactly on ConvHullΩ (Mr).
Proof. Lemma 7.8 implies that CΛ(A) acts co-compactly onM2d−1r and Lemma 7.9
implies that ConvHullΩ (Mr) is a subset of M2d−1r. Then, since ConvHullΩ (Mr)
is a CΛ(A)-invariant subset of M2dr, the action of CΛ(A) on ConvHullΩ (Mr) is
co-compact. 
Lemma 7.11. MinC(A) 6= ∅ and CΛ(A) acts co-compactly on ConvHullΩ(MinC(A)).
Proof. If r > max1≤j≤d τ(aj), then
MinC(A) = ∩a∈AMinC(a) ⊂ ∩
m
j=1MinC(aj) ⊂Mr.
So ConvHullΩ(MinC(A)) is a closed CΛ(A)-invariant subset of ConvHullΩ (Mr).
Further, Lemma 7.10 implies that CΛ(A) acts co-compactly on ConvHullΩ (Mr).
So CΛ(A) also acts co-compactly on ConvHullΩ(MinC(A)).
Next we show that MinC(A) 6= ∅. Pick A′ ≥ A a maximal Abelian subgroup in
Λ. Then A′ = CΛ(A
′). By Lemma 7.6
A′ = 〈a′1, . . . , a
′
n〉
for some a′1, . . . , a
′
n ∈ A
′. Notice that
MinC(A
′) = ∩a∈A′ MinC(a) ⊂ ∩a∈AMinC(a) = MinC(A)
and so it is enough to show that MinC(A
′) 6= ∅.
For r > 0 define
M ′r = {x ∈ C : HΩ(x, a
′
jx) ≤ r for all 1 ≤ j ≤ n}.
Then for r sufficiently large, M ′r 6= ∅. Further, by applying Lemma 7.10 to A
′, we
see that A′ acts co-compactly on the convex set
C′ = ConvHullΩ(M
′
r).
Then by Theorem 6.1 either
(1) A′ fixes a point p0 ∈ C,
(2) there exists a properly embedded line or simplex X ⊂ C where A′ ≤
StabΛ(X).
In the first case, p0 ∈MinC(A′). In the second case, Proposition 7.2 implies that
X ⊂MinC(A
′).
Hence, in either case, MinC(A) is non-empty. 
8. Proof of Theorem 1.6
Theorem 1.6 is a straightforward consequence of Theorems 6.1 and 1.9. Suppose
that (Ω, C,Λ) is a naive convex co-compact triple and A ≤ Λ is a maximal Abelian
subgroup. Since A is a maximal Abelian subgroup, A = CΛ(A). Then Theorem 1.9
implies that A acts co-compactly on the non-empty convex subset
ConvHullΩ (MinC(A)) ⊂ C .
Then by Theorem 6.1 either
(1) A fixes a point in C,
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(2) there exists a properly embedded line ℓ ⊂ C where A ≤ StabΛ(ℓ), A acts
co-compactly on ℓ, and A fixes each endpoint of ℓ or
(3) there exists a properly embedded simplex S ⊂ C where A ≤ StabΛ(S), A
acts co-compactly on S, and A fixes each vertex of S.
In the first case A must be a finite group since Aut(Ω) acts properly on Ω and
A ≤ Λ is discrete.
It remains to show that A has a finite index subgroup isomorphic to Zk for some
k ≥ 0. If A fixes a point in C, then A is finite and so A has a finite index subgroup
isomorphic to {1} = Z0.
Next suppose that there exists a properly embedded line ℓ ⊂ C where A ≤
StabΛ(ℓ), A acts co-compactly on ℓ, and A fixes each endpoint of ℓ. Consider
V := Span ℓ and the homomorphism
ϕ : A→ Aut(ℓ) ≤ PGL(V )
ϕ(a) = a|V .
Fix v1, v2 ∈ V such that [v1], [v2] are the endpoints of ℓ. Since A stabilizes ℓ, fixes
each endpoint of ℓ, and acts properly on ℓ the group ϕ(A) is a discrete subgroup of{(
a 0
0 b
)
: a, b > 0
}
∼= (R,+).
In particular, every non-trivial subgroup of ϕ(A) is isomorphic to Z.
Next, notice that kerϕ fixes every point in ℓ and hence, since Aut(Ω) acts prop-
erly on Ω, must be a finite group. By Selberg’s lemma, there exists a torsion-free
finite index subgroup Λ0 ≤ Λ. Then (Λ0 ∩ A) ∩ kerϕ = {id} and so ϕ|Λ0∩A is
injective. Thus Λ0 ∩ A ≤ A has finite index and is isomorphic to Z.
The proof in the final case is nearly identical to the proof of the previous one.
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